
iNTroducTioN

The objective of this paper is the presentation of a
methodology, involving the application of chaos theory,
which has been developed for the description of local
heterogeneities of a magma field caused by the mixing

process. chaos theory is based on the assumption that a
mathematical description of dynamic nonlinear systems
is possible, for instance: a description of chaotic turbu-
lences during mixing of liquids (in geology, magmas or
fluids), when small alterations in the starting conditions
are the reasons for significant changes in the final results
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Trace element behaviour during crystallization of three alkali feldspar crystals of mixed origin was investigated.
The first crystal (gm1) was growing under an intensive magma mixing regime in an active region of an inhomo-
geneous magmatic field. The second crystal (ref) was growing in a coherent region of this field and the third one
(gm2) was growing under moderate progress in magma mixing, with the process being close to completion. The
Hurst exponent (H) was used as a tool for the description of the local heterogeneities of the magma field during
the mixing process. Values of H were calculated for compatible trace element patterns along each traverse for each
crystal. The gm1 crystal is strongly zoned. The value of the Hurst exponent (H) for zones reflecting intensive chem-
ical mixing varies between 0.06 and 0.47. it emphasizes strong anti-persistent behaviour of elements during crys-
tallization. The zones that grew in a slightly contaminated felsic magma exhibit H > 0.5. it means that the process
goes over a longer path than a random walk and shows increasing persistence in element behaviour with decreasing
hybridization. Similarly, zones crystallized in magma regions compositionally located close to coherent charac-
teristic or in active domains featuring a high homogenization (crystals gm2, ref) show higher H values.
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of the process. magma mixing is a nonlinear process,
which leads to the creation of a geochemically hetero-
geneous magma field – a crystallization environment for
numerous magmatic minerals.

Perugini and others (Perugini et al. 2002, 2003)
described the hybridization process on a macro scale
(textures recorded in rock) by applying the theory of
geometric fractals, which reflected the self-similarity
in this geological process. The box-counting technique
(mandelbrot 1982) was used. The area of non-conta-
minated magmas (with the primary composition) in-
side the mixing field was named ‘coherent’ by
Perugini et al. (2002, 2003); the area of intense mix-
ing of coherent magmas was named ‘active’. The
biggest geochemical variation occurs nowhere else but
within the active field. The active area is the main fac-
tor responsible for variations in the geochemical com-
position of crystals created therein with regard to
microchanges in element mobility occurring due to
magma stirring (Słaby et al. 2007a, b, 2008; Słaby and
götze 2004). The variation in mineral composition
should be a reflection of the melt’s chaotic advection
in a heterogeneous and active magma field (Słaby et
al. 2007b, 2008). both the three-dimensional distri-
bution of mineral micro-heterogeneity resulting from
hybridization and its mathematical fractal description
have never previously been investigated. Neverthe-
less, fractals were used for the description of, for in-
stance, diffusive delay, which resulted inter alios in
the creation of an oscillative zonality in minerals (Pe-
rugini et al. 2005). This research proposes to use the
Hurst coefficient for description of geochemical het-
erogeneity in minerals, such heterogeneity being a re-
sult of melt hybridization.

FrAcTAlS

Fractal theory was developed over several dozen
years. it is recognised as a part of geometry but deals
with the description of objects featuring structures dif-
ferent from those known from classic euclidean geom-
etry − this is because, in classic geometry, the
topological size of an object has an integer value. Still,
a fractal object is a ‘complex’ geometrical shape and
its fractal dimension is bigger than its topological di-
mension (and has irrational values).

contemporary fractal theory is based on the work
of eminent mathematicians from the turn of the 19th
century (e.g. g. cantor, P. Fatou, F. Hausdorff, d.
Hilbert, g. julia, g. Pean, w. Sierpiński). The notion
of ‘fractal’ was introduced by benoit mandelbrot
(1977), who has been recognised as the creator of frac-

tal geometry. mandelbrot observed an outstanding
similarity of diagrams for prices of stocks analyzed
over different time periods. Those objects were irreg-
ular to such extent that their description with the ap-
plication of euclidean geometry was impossible.
mandelbrot’s next achievement was the observation
that large numbers of fractals are present in nature,
such as leaves, green plants, snow flakes, shorelines,
etc. His further investigations stimulated the develop-
ment of an entirely new field of science – fractal
geometry. The word ‘fractal’ originates from the latin
word fractus and means ‘broken’ or ’fractional, frag-
mentary’. Fractal geometry enables nature to be
looked at from a different point of view. what seems
chaotic and without a hierarchic structure, gains a new
value through the fractal approach because it can be
assessed quantitatively. Fractals are objects, which
cannot be described with the application of a single
precise definition. They are defined most frequently
on the basis of the relationship between their area or
volume versus length, and hence they indicate the way
they fill the space in which they are located.

All fractals have some common features (mandel-
brot 1982):

− they are described with a relatively simple recur-
rence relationship, and not with a mathematical
formula;

− feature self-similarity − in the approximate or
stochastic sense and not in the exact sense;

− have a non-trivial structure on any scale; 
− their Hausdorff dimension is bigger than their

topological dimension.

Therefore, the word ‘fractal’ is used for a set that
has all or at least a majority of those features (Falconer
1997). Self-similarity is one of the key features of
fractals, and this particular feature of a fractal object
is used first in fractal analysis. Self-similarity is a par-
ticular case of self-affinity (Peitgen et al. 2002). on
the other hand, the Hurst exponent is closely related to
the self-affinity concept because this exponent de-
scribes processes undergoing scaling, which is one of
affine transformations.

HurST exPoNeNT

The behaviour of elements in magmatic processes
can be determined using fractal statistics. The fractal di-
mension can be calculated with application of the Hurst
exponent. originated from nonlinear dynamics and
based on the fractal properties of brownian motion, the
Hurst exponent is frequently used for the detection of
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trends and the ‘memory effect’ in chaotic processes, also
in magma crystallizing processes (Hoskin 2000). Quan-
titative analyses of variable data series, based on deter-
mination of the Hurst exponent, are successfully applied
in various fields of science: natural, economic, and med-
ical (yang and lo 1997; Peters 1997; west 1990). 

The fractal dimension is related to the Hurst expo-
nent (Hastings and Sugihara, 1993) according to the
formula: 

D = DT +1  − H

where: DT is the topological dimension; D is the frac-
tal dimension; H is the Hurst exponent.

robert brown, an english botanist, observed in
1827 that flower pollen dissipated in water (suspen-
sion) made a permanent chaotic motion. brown be-
lieved that this motion was a manifestation of life. of
course, brown was wrong but his observation led in
consequence to proving that the second law of ther-
modynamics is of a purely statistical character with
regard to average values. brownian motion was also a
premise for the existence of atoms, which could not
be explained under the assumption that the structure of
matter is continuous. brownian motion is a stochastic
process understood as a sequence of random variables,
and is characterised by several basic values such as:
average value, variance, high-order variable moments
and process value probability distribution. 

Following the researches of einstein (1905) and
Smoluchowski (1906), that continuous stochastic
process was permanently adopted for physics. later,
thanks to wiener (1923), it was adopted by mathe-
maticians as the mathematical description of brown-
ian motion. with that, the brownian motion process
is ranked among the most important models for ran-
dom processes.

later, a more general form of brownian motion
was proposed: the fractional brownian motion, or, in
other words: fractional gaussian noise (mandelbrot
1997). brownian motion is a function BH(t) and is a
gaussian process with a given parameter of H∈(0;1),
with its average value equal to zero, and its covariance
according to the formula:

where:  H − Hurst exponent; s2 − variance.
einstein (1905) presented a theory explaining the

basis of the brownian motion with the proof that the
average square value of particle displacement (r) [in-
terval from the starting point to the end point] is in
proportion with time (t):

R ≈ t1/2

The hydrologist H.e. Hurst extended the einstein
model using the re-scaled range (Hurst et al. 1965)
and found that in general: 

R ≈ tH where  H ∈ (0,1)
„

Thanks to this extension, the Hurst exponent,
which is based on fractal properties of brownian mo-
tion and originates from nonlinear dynamics, became
a tool capable of detecting trends and the ‘memory ef-
fect’ in apparently chaotic processes. 

making consideration for the influence of prior
variables, the Hurst exponent is sensitive to those
subtleties of the stochastic process under analysis
that are not detected by classic statistical methods.
Therefore, the Hurst exponent facilitates the deter-
mination of an increasing or decreasing quantity of a
selected element in the magma mixing processes as
well as the quantitative evaluation of dynamics for
this nonlinear process. with application of the notion
‘deterministic chaos’, a statement can be made that
the magma mixing process is a dynamic chaotic
process but not a random process − because the
magma mixing process is generated by a determinis-
tic dynamic process. A dynamic process is defined
as a deterministic mathematical formula, which de-
termines the system status evolution in time, and, in
this case: as a function of distance to consecutive
points of the profile involved.

Several methods are applied for assessment of the
value of the Hurst exponent (H), such as the disper-
sion method, spectral method and autocorrelation es-
timators. R/S analysis, which was introduced by Hurst
(1951), and is the outcome of his discriminating re-
search over a long period into the ‘memory effect’, is
ranked among the most popular methods. The R/S
analysis method, commonly known as the rescaled
range method, is a method for the detection of deter-
ministic chaos which enables demonstrating that the
evolution of numerous (apparently chaotic) data se-
ries is foreseeable, and therefore not random. 

For calculations, the authors applied the rescaled
range determination algorithm for a series of data yt,
where t = 1,2…,n. calculation steps are as follows
(Peters 1994):
1. determination of  average value, m (n), and standard

deviation, S(n), for yt

k
2. determination of Yk

(n) = ∑(yt – M(n)) for k = 1,2, …,n
t=1

3. calculation of range: R(n) = max(yk
(n)) – min(yk

(n))
k                        k

4. calculation of rescaled range: R/Sn =
df R(n)

S(n)
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in order to assess the Hurst exponent (H) value by
application of R/S analysis, the series of data xt, where
t = 1, 2,…,n, should be divided in subseries of n length,
where n is in sequence of  each of dividers for N value
meeting the condition: 2 ≤ n ≤ N/2 (complying with
Peters’ recommendations, values of n ≥ 10 were used
for calculations). For the fixed n value, R/Sn

(i) is cal-
culated for each separate ‘i’ subseries as in steps 1–4.
Then, the arithmetic average R/Sn

(i) is calculated, and
this value is adopted as the sought R/Sn value for the
given n. This procedure is applied for consecutive n
values. A series of values, (R/Sn) is obtained. These
data are dependent on n as follows:

(R/S)n =anH

where:
a – a certain positive constant,
n – length of subseries for observation set,
H – Hurst exponent.

in order to calculate the Hurst exponent, a loga-
rithmic transformation should be made and then the
following formula solved:

Log(R/S) = Log(a) + H(Log(n))

with application of the linear regression method (the least
square method was applied for this case). Then, a diagram
is produced with a double logarithmic scale: 
Y axis = log R/S, X axis = log n. The straight line slope is
an estimation of the Hurst exponent value (Text-fig. 1).

Three classes for the Hurst exponent value exist:
− for 0.5<H<1: the data series is called ‘persis-

tent’. it features the long-lasting memory effect

and, therefore, a high degree of positive correla-
tion. in theory, previous data have a permanent
influence on consecutive data in the series. using
notions from chaotic dynamics: a subtle sensi-
tivity to starting conditions exists. on the other
hand, using probabilistic notions: if a growth
trend existed in the past for a certain time, then,
for e.g. H = 0.8, a probability of 80% exists that
this trend would be maintained in future.

− for H = 0.5: the system behaves randomly, being
either a realization of independent variable data
of monotonous distribution (brownian motion)
or a random walk. Then, its statistical structure
fully executes statistic’s assumptions of inde-
pendence and of normality at its limit.

− for the last case of H∈(0; 0.5), the system relocates
for a shorter distance than, for instance, brownian
motion, and with more frequent alterations in di-
rection. This is the case of negative correlation
(anti-persistent), which means: if H = 0.2, the 80%
probability exists that in future the process will
alter its direction from the present one. Therefore,
the occurrence of reduction trends or growth trends
implies a trend to future alterations in direction. in
practice, H values in this range are proof of a
process with very high dynamics.

deScriPTioN oF THe beHAViour oF ele-
meNTS iN PHASe crySTAllizATioN ProceSS
uNder A mAgmA mixiNg regime

Having applied a Hurst exponent value of between
0 and 1 to the analysis of a crystal growth process
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Text-fig. 1. graphic presentation of solution for formula  for an exemplary series of data. The linear regression method was applied, and the 

straight line formula: y = 0.4786x – 0.0333 was obtained. The straight line inclination (slope) is an estimation of the Hurst exponent
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under a magma mixing regime, it can be said that low
Hurst exponent values are indicators of the anti-per-
sistent behaviour of elements and, in contrast, high
values are indicators of the persistent behaviour of el-
ements, while they are provided to the surface of the
crystallizing phase. The geochemical data and the ori-
gin of the crystals, as based on these data, have been
published in Słaby et al. (2008). The same crystals
were taken for the Hurst exponent calculation pre-
sented in this paper. Text-fig. 2 (from Słaby et al. 2008
with modifications) shows the 3d visualization of bar-
ium distribution in a crystal formed during intensive
mixing of magmas of crustal- and mantle-origin
(Słaby et al. 2008). lA icP mS measurements were
used as data for depiction. 

The depictions show crystals featuring zonal
growth morphologies. crystals growing under a dy-
namic magma mixing regime (Text-fig. 2a) show a
growth texture specific for their micro-domain, indi-
cating a complex pattern of mixed magma domains,
and no magma homogenization. with progressing ho-
mogenization, the distribution of elements becomes

more regular (Text-fig. 2b). The depiction of barium
distribution reveals a regular zonal pattern. if the crys-
tallization environment is a coherent field, the crystal
is homogeneous (Text-fig. 2c). The Hurst exponent
was calculated for those crystals along the indicated
profiles in order to analyse the element behaviour in
the crystallization process (Text-fig. 2). The calculated
values are shown in Table 1 and Text-fig. 3.

in a gm1 zone crystal, the Hurst exponent value
(H) varies between 0.06 and 0.47 for the chosen pro-
files. The Hurst value points to chaotic behaviour of
elements during intensive mixing of magmas. The
chaotic stretching and folding process of magma do-
mains is in full progress; the degree of homogeniza-
tion is low. during crystallization, the behaviour of
elements is strongly anti-persistent. For zones within
a H>0.5 crystal, the process of element incorporation
goes over a longer path than a random walk and shows
strengthened tendencies for durability. Those zones
crystallized in domains located close to coherent com-
position of the magma field, or in active domains fea-
turing a high homogenization (crystals gm2, ref). 

Text-fig. 2. 3d-depiction of the distribution of barium concentration in three crystals (figure taken from Słaby et al. 2008): a – crystal grown under

intensive mixing in an active region of the magmatic field (crystal signature: gm1); b – crystal grown under moderate progress in magma mixing,

with the process being close to completion (crystal signature: gm2); c – Fragment of a crystal grown in a coherent region (crystal signature ref). Hurst

exponent values were calculated for profiles indicated by black arrows. explanation: diagram axis – x (profiles): lA icP mS craters; y (time) – laser 

pulses, each causing ablation of 5 μm thick feldspar layer; z – ba concentration [ppm]

Table 1.  Values of the Hurst exponent (H) and fractal dimension (D) for profiles for crystals



coNcluSioNS

Fractal statistics is a very sensitive tool, which per-
fectly shows increasing or decreasing dynamics in a sys-
tem tending to homogenize or remaining far from
homogenization. in crystals, fractal statistics provides the
possibility of determining which domain in a growing
feldspar could be assigned to the active region, and which
to the coherent region of a magma field. The behaviour
of elements during the magma mixing process is anti-
persistent. even when the system proceeds toward ho-
mogenization, and the anti-persistent character is
weakened, it nevertheless still remains. This means that,
even for crystals featuring an absence of a clear zonal
structure, the grade of element behaviour persistence fa-
cilitates identifying the process as representing nonlin-
ear dynamics, which is an indication of magma mixing.
The Hurst exponent is a perfect tool for describing those
processes. crystallization from coherent magma domains
changes the element behaviour from anti-persistent to
persistent. Therefore, if a process featuring nonlinear dy-
namics is overlapped by another process of a different
character, fractal statistics seems to be the ideal tool to
separate those processes. Thus, the Hurst exponent can be
used for two operations: as a tool for describing nonlin-
ear processes, e.g. differentiation of the magma field
composition, and for separation of magma- from post-
magma- process effects – if elements show a different
behaviour in each of the above-mentioned processes. 
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